GENERICITY OF NONDEGENERATE CRITICAL POINTS 
AND MORSE GEODESIC FUNCTIONALS 

LEONARDO BILIOTTI, MIGUEL ANGEL JAVALOYES, AND PAOLO PICCIONE 

Abstract. We consider a family of vaiiadonal problems on a Hilbert manifold param- 
QQ . eterized by an open subset of a Banach manifold, and we discuss the genericity of the 

f**^ ' nondegeneracy condition for the critical points. Using classical techniques, we prove an 

f^^ ' abstract genericity result that employs the infinite dimensional Sard-Smale theorem, along 

fv^ ^ the lines of an analogous result of B. White |27|. Applications are given by proving the 

genericity of metrics without degenerate geodesies between fixed endpoints in general (non 
compact) semi-Riemannian manifolds, in orthogonally split semi-Riemannian manifolds 
^^ and in globally hyperbolic Lorentzian manifolds. We discuss the genericity property also 

^^ ^ in stationary Lorentzian manifolds. 
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1. Introduction 

Generic properties of flows, especially of Riemannian geodesic flows, are a classical 
topic in the theory of dynamical systems and in calculus of variations, with important 
contributions by many authors. A well known result of the area is the so-called bumpy 
metric theorem, originally formulated by Abraham |4|, and proved in detail by Anosov 
||6l, which states that the bumpy Riemannian metrics over a given compact manifold form a 
generic set. Recall that a metric is bumpy when all its closed geodesies are nondegenerate. 
Recently, B. White [271 has proven a nice formulation of the bumpy metric theorem in 
the context of minimal immersions; more precisely, given a compact manifold AI and a 
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complete Riemannian manifold {N, h), with dim(M) < dim(A^), then the Riemannian 
metrics hon N such that every minimal embedding (j> : {M, g) -^ (N, h) is nondegenerate 
form a generic set. In the case M — S^, White's theorem does not reproduce exactly 
the bumpy metric theorem, in that the result does not guarantee that iterates of a given 
closed geodesic, which are not embeddings, are also nondegenerate. A key point in the 
proof of this result, which has a variational nature, is that the Jacobi differential operator 
arising from the second variational formula of the area functional is a self-adjoint Fredholm 
operator. Inspired by White's result, the goal of the present paper is to initiate a study of 
generic properties of geodesies in semi-Riemannian manifolds, i.e., in manifolds endowed 
with a non positive definite nondegenerate metric tensor. At the present stage, this is a 
totally unexplored field. Motivations for the interest in such kind of dynamical systems 
are obviously related to Lorentzian geometry and General Relativity, to which this paper is 
ultimately devoted, but also to Morse theory, as explained below, and to the general theory 
of semi-Riemannian manifolds. As a starting point for our theory, we consider the case 
of fixed endpoints geodesies in semi-Riemannian manifolds. We set ourself the task of 
determining whether the set of semi-Riemannian metrics on a fixed manifold M that: 

• have fixed index; 

• belong to some specific class, such as orthogonally split, globally hyperbolic, or 
are conformal to some given metric; 

• make any two arbitrarily fixed distinct points non conjugate along any geodesic, 

is generic. One should observe that in the non positive definite case, the Jacobi differential 
operator is not self-adjoint, or even normal, but the index form (i.e., the second variation 
of the geodesic action functional) along a given geodesic is represented by a self-adjoint 
Fredholm operator Recall that, given p,q E M, the nonconjugacy property above rela- 
tively to some semi-Riemannian metric g on M is equivalent to the fact that the 5-geodesic 
action functional ilpq 9 7 ^^ ^ J„ 3(7, 7) dt S R, defined on the Hilbert manifold ilpq 
of all curves of Sobolev class H^ in M joining p and q, is a Morse function. Standard 
Morse theory does not apply to the semi-Riemannian geodesic action functional, due to 
the fact that in the non positive definite case all its critical points have infinite Morse in- 
dex. Recent developments of Morse theory, mostly due to the work of Abbondandolo and 
Majer (see lUlIll) have shown that, under suitable assumptions, one can construct a doubly 
infinite chain complex (Morse- Witten complex) out of the critical points of a strongly in- 
definite Morse functional, using the dynamics of the gradient flow. The Morse relations for 
the critical points are obtained by computing the homology of this complex, which in the 
standard Morse theory is isomorphic to the singular homology of the base manifolds. Such 
computation is one of the central and highly non trivial issues of the theory. Remarkably, 
Abbondandolo and Majer have also shown that this homology is stable by "small" pertur- 
bations, so that in several concrete examples one can reduce its computation to a simpler 
case. This occurs for instance in the case of the geodesic action functional in a globally hy- 
perbolic Lorentzian manifold, in which case the homology of the Morse- Witten complex is 
stable by small C*^ perturbations of the metric. Thus, it becomes a relevant issue to discuss 
under which circumstances a given metric tensor can be perturbed in a given class in such 
a way that the nondegenericity property for its geodesies between two prescribed points is 
preserved. This problem is the original motivation for the results developed in this paper; 
we basically give an affirmative answer to the genericity questions posed above, with three 
remarkable exceptions that will be discussed below. 

The idea for proving the genericity of the nondegeneracy property for the critical points 
of a family of functionals, which follows a standard transversality approach (see the classi- 
cal reference |5 Chapter 4], or the more recent lH Section 2.11]), is the following. Assume 
that one is given a Hilbert manifold Y, and a family of functionals f^'-Y^H parameter- 
ized by points x in an open subset A of a Banach space X. In the geodesic case, Y is the 
Hilbert manifold fip ,j(M) of curves between two fixed points in a manifold M, X is the 
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space of (0, 2)-symmetric tensors on M, and A is the open set of nondegenerate tensors 
having a fixed index. Then, one consider the set of pairs 

971 = { (x, 2/) : y is a critical point of /^^ } , 

which under suitable assumptions has the following important properties: 

• 971 is an embedded submanifold of the product X xY; 

• the projection 11 : 971 ^ X onto the first factor is a smooth nonlinear Fredholm 
map of index 0; 

• the critical values of 11 are precisely the set of x <^ A such that fx has some 
degenerate critical point in Y . 

Thus, the genericity of nondegenerate critical points is reduced to the question of regular 
values of a Fredholm map, to which Sard-Smale theorem gives a complete answer. In order 
to make this setup working, one needs some regularity and Fredholmness assumptions, 
plus a certain transversality assumption that in the geodesic case reduces to the existence 
of some special tensors on the underlying manifold. 

There are three cases in which the genericity property of nondegenerate geodesies ei- 
ther fails, or cannot be proven with the techniques of this paper First, perturbations in a 
given conformal class are insufficient to eliminate degeneracies of lightlike geodesies. In 
fact, every conformal perturbation of a semi-Riemannian metric preserves lightlike pre- 
geodesics and their conjugate points, so that nondegeneracy is not generic in a given con- 
formal class. The second, and more intriguing, point that deserves further attention is the 
case of geodesies with the same initial and endpoint and, more specifically, the case of 
periodic geodesies. Note that in the case of periodic geodesies, the notion of nondegen- 
eracy has to be modified, due to the fact that in the periodic case the tangent field to a 
geodesic is always in the kernel of the index form. Every periodic geodesic produces a 
countable number of distinct critical points of the action functional by iteration. In order to 
develop Morse theory, one clearly needs to have nondegeneracy of all this iterates, which 
amounts to saying that the linearized Poincare map along the given geodesic should not 
have any (complex) roots of unity in its spectrum. Due to some technical reasons, the 
metric perturbations studied in this paper fail to produce the desired result in the case of a 
1-periodic geodesic 7 some of whose iterates ^^ admits a nontrivial periodic Jacobi field 
J satisfying X^i^i ^t+j = for all t. Examples of this situation can be constructed easily, 
for instance by considering periodic geodesies on a flat Mobius strip. Roughly speaking, 
the field Vt = 2^,^i Jt+j indicates in which direction the metric should be stretched in 
order to destroy the degeneracy produced by the Jacobi field J. Due to this problem, all 
our genericity results use the (probably unnecessary) assumption that the endpoints should 
be distinct. It is curious to observe that, also under this assumption, one does not avoid 
having to deal W\\h portions of periodic geodesies (see Lemma l4~2t . but this case is treated 
with a little "parity" trick. We conjecture that most of the results of this paper should hold 
also in the case of periodic geodesic (in the Riemannian case this is established in ||4l and 
||6l), but the proof should be based on dynamical arguments, rather than variational. The 
third situation where the transversality condition is not satisfied, and thus the genericity of 
metrics with nondegenerate geodesies cannot be deduced by the theory in the present pa- 
per, is the case of stationary Lorentzian manifolds. We will show with an explicit example 
that, in the class of stationary metrics on a manifold M having a prescribed vector field 
Y e X(Af ) as timelike Killing vector field, the transversality condition fails to hold along 
a degenerate geodesic which is an integral line of Y . 

We will now give a detailed technical description of the material discussed in the paper, 
with a few additional remarks. In Section|2]we fix notations and discuss a few preliminary 
results involving the functional analytical setup and the geometrical setup of the paper. 
In the functional analytical part we determine a criterion for the surjectivity (Lemma [2. Il l 
and a criterion for existence of a closed complement to the kernel (Proposition 12. 3 1) of the 
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direct sum of two bounded linear operators. These are used to determine transversality to 
the zero section of a cotangent bundle for the partial derivative of a map defined on product 
spaces (Proposition 13. II ). The main result of the geometrical part is Lemma 1241 that gives 
the existence of (global) sections of a vector bundle endowed with a connection, whose 
value and covariant derivative have been prescribed along a small immersed curve in the 
base. In Section |3] we consider the abstract setup of a family of smooth functionals over a 
Hilbert manifold, parameterized by points of (an open subset of) a Banach manifold. The 
central result, Corollarv l3.4l uses a certain transversality assumption (see formula ( 13. Il l) to 
characterize the Morse functionals in the family as regular values of a nonlinear Fredholm 
map, yielding the desired genericity result via Sard-Smale theorem. The main idea and 
the proof of Corollarv l3.4l follow closely B. White's arguments in the abstract setup of IZTl 
Section 1]. In Section |4] we apply Corollarv 13.41 to the fixed endpoint geodesic problem 
in several contexts. We will first consider (Subsections 14. II and 14.2b the case of general 
semi-Riemannian metrics on an arbitrarily fixed manifold, possibly non compact. When 
dealing with a non compact manifold M, there is no canonical Banach space structure on 
the space of tensors on A/, and in particular there is no way of describing semi-Riemannian 
metric tensors as an open subset of a Banach space. Note that Sard-Smale theorem uses 
a Banach space structure in an essential way. One way to induce a Banach space norm 
in the space of tensors would be to use an auxiliary complete Riemannian metric g^ on 
M, and then considering tensors of class C^ on M whose first k (covariant) derivatives 
have bounded giR-norm (see Example [T]). However, a more general genericity statement 
is obtained by considering the notion of C'^ -Whitney type Banach space of tensors on M, 
which is introduced in Subsection 14. II A Banach space of tensors £ is said to be of C^- 
WTiitney type if it contains all tensors of class C^ with compact support (these are used in 
all our genericity results), and if its topology is finer than the weak C'^ -Whitney topology, 
i.e., if convergence in E implies C*^ -convergence on compacta. C'^'-Whitney type Banach 
spaces of tensors seem to provide a sufficiently general and adequate environment in which 
one can prove genericity results based on Sard-Smale theorem, including a large variety of 
situations where one poses asymptotic conditions on the metric tensors. An argument by 
Taubes, pointed out to the authors by the referee, allows to extend all the genericity results 
presented in this paper to the more elegant context of the topology of C°° -convergence on 
compact subsets. In Section|5]we will discuss the details of the argument. 

In Subsection l4.3l we study the genericity property of metrics in a given conformal class. 
As mentioned above, we restrict ourselves to the case of nondegeneracy of nonlightlike 
geodesies between fixed endpoints. In subsection l4.4l we consider product manifolds M = 
Ml X M2, endowed with metric tensors that make the two factors orthogonal, and we 
prove a genericity result in this context. In Subsection l4.5l we consider globally hyperbolic 
Lorentzian metric tensors; by a celebrated result of Geroch (|15|), recently improved by 
Bernal and Sanchez (||8]|9l), these metrics form a subclass of the family of orthogonally 
split metric tensors in product manifolds Mi x R. Finally, in Section [431 we will exhibit 
a counterexample to the transversality condition in the stationary Lorentzian case. 

2. Notations and Preliminaries 

2.L Functional analytical preliminaries. Let H he a Hilbert space with inner product 
(•, •); given a closed subspace W C H,we will denote by Pw : H -^ W the orthogonal 
projection onto W . 

Lemma 2.1. Let V be a Banach space, H a Hilbert space, Li : V —> H and L2 : i? — > 
H be bounded linear operators, with Im(L2) closed; set L — Li ® L2 '■ V (B H —^ 
H, L{v,h) = Li(v) + L2{h), v (z V, h (£ H. Then, L is surjective if and only if 
Pij^r]^\±(lin{Li)) — Ini(L2)~'". If in addition L2 is self-adjoint and P}^ct:(L2)(^^^{^i)) 
is closed in Ker(L2) (this is the case, for instance, ifKer{L2) is finite dimensional, i.e., if 
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L2 is Fredholm), then L is surjective if and only if for all h G Kcr(L2) \ {0} there exists 

V ^V such that {Li{v), h) ^ 0. 

Proof. The first statement is immediate. If L2 is self-adjoint, then Im(L2)^ ~ Kcr(L2). 
Since PKor(L2)(I™(^i)) i^ closed, PKcr(L2) ° Li : V ^f Ker(i2) is not surjective if and 
only if there exists h G Ker(i2) such that (PKor(L2)(-^i("))' ^) ~ (-^i(''^)j^) = Oforall 

V G V. The conclusion follows. D 

Let us recall that a closed subspace Wofa Banach space V is said to be complemented 
if there exists a closed subspace W' C V such that V = W ® W; such a space W' will 
be called a complement of W in V. 

Lemma 2.2. Let L : U —> V be a linear map between vector spaces, and let S C 

V be a finite codimensional space. Then, L^^(S) is finite codimensional in U, and 
codimij (^L^^ (S)) = codim\/(S') — codimy (lm(L) + S). 

Proof. If TT : V ^ V/S is the projection onto the quotient, the linear map it o L : U ^ 
V/S has kernel L^^(5'). Hence, it o L defines an injective linear map on the quotient 

f//L^i(S')->F/S',andso: 

codimv(5) = dim(y/5) = Aun{U / L'^ {S)) + codimv/5(lm(7r o L)) 

= coAiwLu{L-^{S)) + codimy (lm(L) + S*) . D 

Proposition 2.3. Let U, V, W be Banach spaces, Li : U ^ W, L2 : V ^ W be 
bounded linear operators, and assume that Kcr(L2) is complemented in V (this is the 
case, for instance, ifV is a Hilbert space, or if L2 is Fredholm) and that Im(L2) is finite 
codimensional in W. Set L = Li® L2 :U ®V -^ W; then, Ker(L) is complemented in 

U®V. 

Proof. Consider the (possibly not closed) subspace Im(Li) C W; Im(Li) n Im(L2) has 
finite codimension in Im(Li). Namely, \f it -.W ^ VK/Im(i2) is the quotient map, then 
the restriction TT\ira{Li) '■ Im(ii) -^ M^/Im(L2) has kernel Im(Li) fl Im(i2)- Thus, one 
has an injective linear map from Im(ii)/[lm(ii) n Im(L2)] to the finite dimensional 
space W/1t[v{L2), which proves our claim. Set Im(Li) = [im(Li) n Im(L2)] © Z, with 
Z C W a (closed) finite dimensional subspace. We now claim that Ker(Li) has finite 
codimension in L^^{Z); namely, one has an injective linear map from L^^ (Z) /Kct{Li) 
to Z. Set L^^{Z) — Ker(Li) © U', with U' a (closed) finite dimensional subspace of 
U. Finally, let V be a complement of Ker(L2) in V; we will now show that U' ffi V^' is a 
complement of Ker(L) inU ®V. Assume (x, y) e U' (S V with Li{x) + £2(2/) = 0; 
since U' C L^^{Z), then Li{x) e Z. But Li{x) = -^2(2/) e Im(£2), thus Li{x) G 
Zn(lm(Li)nlm(L2)) = {0}, i.e., ii(x) ^ L2{y) = 0. Thus, x G C/'nKcr(Li) = {0} 
and yeV'n Ker(L2) = {0}, which proves that [W © V] n Kcr(i) = {0}. 

Let now {x,y) G U (B V be arbitrary; write Li{x) = Li{u) + z, where u E U, 
Li{u) G Im(i2) andz G Z. Since z G Z C Im(Li), one has z = Li{a) for some a G U'; 
thus, X ^ u + a + b for some b G Ker(Li). Choose w € V such that Li{u) = L2{w), 
and set y = c + v, where c G Ker(i2) and v G V . Then, (u + 6, c — ui) G Kcr(L), 
(a, V + w) G U' ®V' and (x, y) — (u + 6, c — ui) + (a, f + w), which proves that 
Ker(i) + [[/' ®V']^U(BV. D 

2.2. Geometric preliminaries. Let M be a smooth manifold with dim(M) > 2 and 
let V be an arbitrarily fixed symmetric connection on TM. Given another (symmetric) 
connection V on TM, there exists a (symmetric) (1, 2)-tensor F on M defined by: 

V' = V + F, 

that will be called the Christoffel tensor ofV' relatively to V. If V^ is the Levi-Civita 
connection of some semi-Riemannian metric tensor g on M, then using Koszul's formula. 



6 L. BILIOTTI, M. A. JAVALOYES, AND P. PICCIONE 

its Christoffel tensor relative to V is computed as follows: 

(2.1) g{TS{X, y), Z) = i [Vg{X, Z, Y) + Vg{Y, Z, X) - Vg{Z, X, ¥)] . 

For all a; e M and all v e T^M, we will denote by rg(i;) : T^M -^ T^M the map 
defined by T9,{v)w = T9,{v, w), for all w G T^M, and by T^Jv)* : T^M* -^ T^M* its 
adjoint. The curvature tensor R^ of the connection V^ will be chosen with the following 
sign convention: R3{X,Y) = [V^, Vy] — Vf^y,. The symbol exp will denote the 
exponential map of the connection V. 

Given a smooth vector bundle n : E ^ M over M, we will denote by T{E) the space of 
all smooth sections of E; given a smooth map between manifolds f : N -^ M, then /* (E) 
will denote the pull-back bundle over N. The fiber 7r~^(a;) over a point x ^ M will be 
denoted by E^ ; the dimension of the typical fiber of E will be called the rank of E. In this 
paper, we will be mostly interested in tensor bundles over M, i.e., all those vector bundles 
obtained by functorial constructions from the tangent bundle TM and the cotangent bundle 
TM* . Given nonnegative integers r, s, we will denote by TM*^^' (g) TM^'^^ the tensor 
productofr copies of TM* and s copies of TM; sections of TM*'^'"' (g)TM(*) are called 
tensors of type (s, r) on M. 

The following is a result that says that we can find global sections of a vector bundle 
with prescribed value and covariant derivative along a sufficiently short curve in M. 

Lemma 2.4. Let tt : E ^ M be a smooth vector bundle endowed with a connection V, 
let J : [a,b] -^ M be a smooth immersion and let V E T (j* (T M)) be a smooth vector 
field along 7 such that Vta is not parallel to 'j{to) for some tg G ]a, b[. Then, there exists 
an open interval I C [a, b] containing to with the property that, given smooth sections H 
and K of"f*{E) with compact support in I and given any open set U containing "f{I), 
then there exists h G r(_E) with compact support contained in U, such that hj(t) — Ht 
and S/vt h — Kt for all t £ L 

Proof. Let / C ]a, b[ be a sufficiently small open interval such that 7I/ is an embedding 
and such that Vt is not parallel to 7(t) for all t G /; let 5 C M be a smooth hypersurface 
containing 7(1) and such that Vt ^ T^(t)S for all t E I. Choose a smooth section V G 
T{S*{TM)) such that V{j{t)) = Vt for all i G /. By possibly reducing the size of / 
and S, we can assume the existence of a small positive number e and a diffeomorphism 
(j) : S X ]— £, e[ 3 (x, A) 1-^ (f>{x, X) E U C U, where U is an open subset of M contained 
in U that contains 7(1), such that -^{x, 0) ~ V{x) for all a; G 5*. For instance, such a 
diffeomorphism can be constructed using the exponential map exp' of some connection 
V in TM by setting (j){x, A) == cxp^ {>^V{x)) for all (x, A) G S x]-e, e[. Clearly, U 
can be chosen small enough so that E\fj admits a trivialization; let r G IN be the rank of 
E and let p{x, A) : R'' -^ E^i^^x) be a smooth referential of (p* {E\jj) with the property 
that ■^p{x,X) = 0, i.e., p is parallel along the curves ]—£,£[ 9 A h^ (j){x,X). For 
instance, such referential p can be chosen by selecting an arbitrary smooth referential of 
E along S, and then extending by parallel transport along the curve A i-^ (t)(x, A). The 
problem of determining the required section h is now reduced to the search of a smooth 
map h : S X ]— e, £[^11'' having compact support such that: 

. h{j{t),0)^p{-f{t),oy'Ht; 

• 1^(7(0,0) -p(7W,0)^V„ 

for alH G /. Once such h has been determined, the desired section h will be obtained by 
setting h(^(f){x, A)) = p{x, A) o h{x, A) for all {x, A) G 5 x ]— £, £[ and h — outside U. 

The function h can be constructed as follows. First, choose smooth maps H, K : 
S -^ W having compact support such that p{j{t)^ O) o H(y(t)) = Ht and p{'y{t), O) o 
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k{^{t)) = Kt for all t e I. Finally, define h{x, A) = H{x) + f{X)K{x), where 
/ : ]— e,e[ ^ H is a smooth function with compact support such that /(A) = A near 
A = 0. This concludes the construction and proves the Lemma. D 

Given a g-geodesic 7 : / -^ Af in M, a Jacobi field along 7 is a smooth vector field 
J along 7 that satisfies the second order linear equation (D^)^ J(i) = R^(y{t), J(t)) 7(t) 
for all t, where D^ denotes covariant differentiation along 7 relatively to the connection 
V^. The endpoints of 7 are said to be conjugate along 7 if there exists a non trivial Jacobi 
field along 7 that vanishes at both endpoints of /. Affine multiples of the tangent field 7 
are Jacobi fields; conversely, the only Jacobi fields along 7 that are everywhere parallel to 
7 must be affine multiples of 7. Other than that, Jacobi fields are parallel to the tangent 
field 7 only at isolated points: 

Lemma 2.5. Let 'y : [a,b] —>■ M be a geodesic in [M, g), and let J be a Jacobi field which 
is not everywhere parallel to 7. Then, the set: 

{t ^ [a,b] : Jt is parallel to 7(<)} 

is finite. 

Proof. Since 7 is parallel, the covariant differentiation operator D^ defines a connection 
on the quotient bundle IJtefabl ^7(t)^^/^7(^) o^^'" '^^e interval [a,b], that will be de- 
noted by D. Moreover, by the anti-symmetry of the curvature tensor, the linear operator 
R3(^j{t), ■)j{t) : r^(f)A/ — > T^(^t)M passes to the quotient and gives a well defined op- 
erator Rt : T^(4)M/lR7(i) -^ T^(^t)M/R'y{t). Thus, the class J = J + IR7 satisfies the 
second order linear differential equation D^ J — RJ. If the zeroes of J were not isolated, 
then J would be identically zero, i.e., J would be everywhere parallel to 7. D 

3. An abstract genericity result 

In this section we will study the nondegeneracy of critical points of a smoothly varying 
family of variational problems; we will prove the result of [27 Theorem 1 .2] in the context 
of Banach and Hilbert manifolds. The approach followed is classical (see 15; Chapter 4], or 
|I3] Section 2.1 1]), and several of the results presented in this section are very likely akeady 
existing in the literature in some form. The authors have found White's formulation of the 
transversality assumption (see (13.1b ) particularly well suited for their purposes, and decided 
to write complete proofs of its extension to the Banach manifold setting. 

Recall that, given Banach manifolds X and y, a smooth submanifold Z C y, and a 
C^-map F : X ^ y, then F is said to be transversal to Z if for all yo £ F^^{Z), 
dF{jCo)-\Tp^,„)Z) is complemented in Tj„ A" and Im(dF(yo)) + Tp(^,o)2 = ^^.(j^)^. 
Under these circumstances, Ai = F^^{Z) is a smooth embedded submanifold of X, and 
for all yo G M, T,,M is given by d^(yo)-i (^F(ro)^)- 

Proposition 3.1. Let X be a Banach manifold, Y a Hilbert manifold, and let A C X x Y 
be an open subset. Assume that f : A ^ M. is a map of class C^, with k > 2, and with the 
property that for every {xo,yo) G A such that -if-{xo,yo) — 0, the Hessian 



—{xo,yo) ■■ Ty^y — > Ty^y* = Ty^y 



has finite codimensional image (i.e., ^-4- {xq , j/o) '* « Fredholm operator}). 

Then, the map -tt- : A ^ j^y* is transversal to the zero section of TY* if and only 



if for all (xQ^yo) with ■g^(a;o,yo) = and all w £ Ker -g-^{xo,yo) \ {0} there exists 



d^f, 



Recall that the image of a bounded linear operator, if finite codimensional, is automatically closed. 



V G Tx„X such that 



I.e., 
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-ixo,yo){v,w) ^ 0, 



dxdy 



(3.1) Ker(^0(xo,yo))ni"i(^(^o,yo)) -{0}. 

Remark 3.2. Observe that, given y^, the map x i-^ -^{x,yo) takes values in the fixed 
Hilbert space Ty^ Y*,so that the second derivative i^/ (xq , yo ) is well defined without the 
use of a connection on TY*. Similarly, the second derivative -Q-^ixQ,yQ) is well defined 
when -^{xq, yo) = 0, and it is the Hessian of the function y ^^ f{xo,y) at the critical 
point yo. 

Proof. Denote by the zero section of TY* . For all y G Y , denoting by Oj^ the zero 
in TyY* , the tangent space Tq is identified canonically with TyY, so that Tq TY* ~ 
TyY ® TyY*; let iTy : Tq^TY* —>■ TyY* denote the projection relative to this decomposi- 
tion. Given (ccq, yo) & A with -^{xq, j/q) = 0, the composition 

.dy 
is given by the direct sum of the bounded operators: 



yo°^[±] (^0, yo) ■■ T,oX © Ty,Y -^ Ty,X* 






and 

9y' 



^2 := ir:^i^o,yo) ■■ Ty„Y — > Ty^Y* = Ty„Y. 



Transversality of -^ to the zero section of TY* is equivalent to Ker(Li © L2) being 
complemented in TxgX(BTy^X and ii ©L2 being surjective. The condition that Kcr(ii ® 
L2) is complemented in T^gX © Tyo^ follows immediately from Proposition |23] which 
uses our assumptions on the Hessian ^^{xo, yo)- By Lemma ITTl using the fact that L2 is 
self-adjoint, the surjectivity of Li ffi L2 is equivalent to our final assumption on the mixed 
second derivative „^/ {xq, yo). This concludes the proof. D 

Corollary 3.3. In the hypotheses of Proposition UJ] assume that the transversality condi- 
tion (13. Il l is satisfied at every point {xq, yo) with -J-{xo, yo) = 0- Then, the set: 

m^{ix,y)eA:^{x.,y) = 0} 

is an embedded C^~'^-submanifold of X x Y. For {xo,yo) G 9^, the tangent space 

T{xo,yo)^ ^^^ given by: 

(3.2) 

f 32/ d'^f } 

'^{xo,yo)^= |(«7w) G T^gX S)Ty„Y : -g-^{xo,yo)v + -—j{xo,yo)w = 0|. D 

Let us recall that a Morse function on a Hilbert manifold is a smooth map all of whose 
critical points are (strongly) nondegenerate. A subset of a metric space is said to be generic 
if it is the countable intersection of dense open subsets; by Baire's theorem, a generic set 
is dense. 



Corollary 3.4. Under the assumptions of Corollarv \3.3\ ifIl:XxY—>Xis the pro- 
jection onto the first fizctor, then the restriction ofW to 9Jt is a nonlinear C^^^ Fredholm 
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map of index zero. The critical points ofY[\tjyi are elements (xq, j/o) £ SDt such that j/o is a 
degenerate critical point of the functional Axq 3 y *—>■ f{xQ,y) £ R, where 

Aa:^{yeY : {x,y) eA}. 

If X and Y are separable, then the set of x £ X such that the functional Ax 3 y ^-^ 
f{x, y) E R is a Morse function is generic in the open set n(^) C X. 

Proof Fix {xo,yo) E M. The kernel of dn(a;o, yo)|T(,^,„„,OT is given by T(^xo.yo)^ ^ 
[{0} © TygVy This space is (isomorphic to) Ker(g-4-(a;o,2/o)), which is finite dimen- 
sional. From ( I3.2l i. the image dn(a::o, yo) (T(^xo.yo)^) ^^ given by the inverse image 



92/ 

-(a;o,yo) 



dxdy 



Im 



{d^(^o,yo)) 



since -q-4-{xo: Vo) is Fredholm, its image has finite codimension in Ty^Y. By Lemma l2!2l 

also (T(^xo,yo)^) has finite codimension in Ta;f,X, sothatdn(2:o,yo) (^(2:0,^0)^) is closed 

and therefore Fredholm. In fact, since by assumption (13. Il l the linear map i^/ (a;o; yo) © 

-Qiixo,yo) is surjective, we have that by Lemma 1231 the codimension of the image of 

dn(xo, yo)\T^,g,y„-,wi equals the codimension of Im(|^(a;o, yo)); as ^{xq, yo) is a self- 
adjoint Fredholm operator, this codimension coincides with the dimension of 



^'^[■g2^i^o,yo)j -Ker(^ — (xo,yo) 

so that the Fredholm index of dn(a;o, I/O ) I T(^ y ,ot is equal to zero. 

It is easily seen that (xo,yo) is aregularpoint of n|gr,t, i-C-, that dn(xo, yo)|T(^ „ jOT is 
surjective, if and only if: 

/ d^f \ fd^f 

(3.3) Im |^^-^(xo,2/o)j C Im i^—{xo,yo. 

using again that Im (^{xq, yo) j = Ker (^{xq, yo)) , and taking orthogonal com- 
plements, (13.3b becomes: 

Im -^-T— (a;o,yo) D Ker — ^(xq, yo) 



\ axoy J \ oy^ 

Using assumption ( 13. Il l, (a;o , yo ) is a regular point of 11 1 gjt if and only if Ker ( -^-4 (a^o , yo 
is trivial, i.e., if and only if xq is a nondegenerate critical point of a; h^ f{x, yo). 

Thus, the set of a; G X such that the functional Ax 3 y ^^ f{x, y) G R is a Morse 
function coincides with the set of regular values of the map n|gr)j- The last statement 
follows now immediately from Corollary |33] and Sard-Smale's theorem (see [26]). D 



Remark 3.5. We will apply Corollarv l3.4l in situations where the Banach manifold X is 
indeed an open subset of a Banach space E. In this case, the partial derivative g^ is a map 
on X X y taking value in the fixed Banach space E*, and thus it can be differentiated with 
respect to the second variable y. Given (a:o, yo) G 9}l, we have two maps: 

^'^-{xo,yo):E^Ty^Y\ and ^(a;o, yo) : T.^F -^ ^* 



dxdy dydx 

Using local charts and Schwarz Lemma, it is easy to see that these two maps are transpose 

dxdy ' 



of each other. In particular, if we consider q I (xo^yo) as a bilinear form on E" x Ty^Y 
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and g /^ {xo , yo) as a bilinear form on Ty^Y x E, then: 

■^^{xo,yQ)[v,w] = -^;^{xo,yo)[w,v], WveE,weTy^Y. 

4. Morse geodesic functionals 

4. 1 . Semi-Riemannian metrics. Let us consider a smootqj manifold M with dim(M) = 
n. Given k > 2 and v G {0, . . . , ?i}, we will denote by Met^ (Af ) the set of all metric 
tensors g on M of class C'^' and having index h'. This is a subset of the vector space 
r^y„j(TM* » TA'f*) of all sections b of class C'' of the vector bundle TM*®TM* such 
that hx ■ TxM x T^M ^ R is symmetric for all x. 

It will be interesting to consider the case of non compact manifolds M, in which case 
there is no canonical Banach structure on the space of tensors over A/. In order to overcome 
this problem, it will be useful to consider the following definition. A vector subspace £ of 
T^y^{TM* (g) TM*) will be calleqj a C^ -Whitney type Banach space of tensor fields over 
M when: 

(a) £ contains all tensor fields in T^ [T M* TM*) having compact support; 

(b) £ is endowed with a Banach space norm || • H^ with the property that || • \\£- 
convergence of a sequence implies convergence in the weak Whitney C'^-topology. 

More explicitly, axiom (b) above means that given any sequence {bn)neK and an element 
boo in £ such that lim || b„ — boo He = 0, and given any compact subset K C M, then the 

n — ^cxD 

restriction b„|/<- tends to boolx in the C'^ -topology as n ^ 00. 

1. Example. Examples of C'^-Whitney type Banach spaces of tensor fields over M can 
be obtained easily introducing an auxiliary Riemannian metric gR on M, whose Levi- 
Civita connection will be denoted by V. The choice of the Riemannian metric g-^ induces 
naturally a connection on all vector bundles over M that are obtained by functorial con- 
structions from the tangent bundle TAI. Moreover, for all r, s e IST, we have Hilbert space 
norms on every tensor product T^M*^^' ® T^M^'^' induced by g^; all these norms will be 
denoted by the same symbol || • ||r. Then, we will denote by r^y^(TM* ® TM*; g^) the 
subset of rgy,jj(TAf * ® TM*) consisting of all section b such that: 

(4.1) ||b||fe — max sup 

i=o,...,fc \_x<^M ' ' R 



Vb{x) 



< +00. 



When M is compact r^y^(rAf* (g) TM*;g^) = r^y,jj (TM* ® TM*). Endowed with 
the norm || • ||fc in ( 14. 11 1. T'ly^{TM* ® TM*\gYi) is a separable normed space, which 
is complete provided that the Riemannian metric g^ is chosen to be complete. Clearly, 
r^yjjj (TM* (g) TM*;g^) contains all elements in T^^^^iTM* TM*) having compact 
support. Moreover, || • ||fe-convergence implies C'^-convergence on compact sets. Thus, 
rgym (TM* (g) TAI*; 5r) is an example of C'^-Whitney type Banach spaces of tensor fields 
over M. 

Other examples of C'^-Whitney type Banach spaces of tensor fields over M can be 
obtained by considering elements in T^ {TM* ®TM*) satisfying suitable boundedness 
assumptions at infinity on the first k covariant derivatives. Asymptotic flatness is a typical 
assumption, particularly fashionable among physicists. 



2 

For the remainder of the article, we will be somewhat sloppy about the use of the adjective "smooth". In 
the case of manifolds, by smooth we will always mean "of class C^ , with k > 3", and in the case of tensors, in 
particular metric tensors, smooth will mean "of class C*, with k > 2". This guarantees that the corresponding 
geodesic action functionals are of class at least C^ . Clearly, manifolds are to be of class strictly larger than the 
required regulaiity class of tensors. 

In this paper we will only be interested in metric tensor fields, but clearly a similar definition may be given 
for tensor fields of all kind over M. 
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In the statements of some of our results, we will consider open subsets ^ of a given 
C'^'-Whitney type Banach space £ of tensor fields over M, where the elements of A are 
assumed to be semi-Riemannian metric tensors of a given index. It is easy to show that, 
when M is not compact, the set Met^(M) n T^y^{TM* (g) TM*]giC} is not open in 
T^y^iTM* (g) TM*;gji). A typical opeifl subset of r^y„, (TM* (g) TM*; g^) consisting 
of semi-Riemannian metric tensors of index i' is: 

Met^,(Af;5R) = f b G Met^(Af) n r^y^(TM* (g rAf*;gR) : sup \\b~'\\n < +oo|; 

here, b^^ is the inverse of bx seen as a linear operator bx ■ TxM -^ TxM*. The assump- 
tion sup ||b:^^||R < +00 is equivalent to requiring that the eigenvalue with minimum 

x£M 

absolute value of the gR-symmetric operator bx stays away from uniformly on M. 
Let p,q ^ M be fixed points, and let fJp ,j(A/) denote the set of all curves 7 : [0, 1] -^ M 
of Sobolev class H^ such that 7(0) = p and 7(1) = q; it is well known that fip g(M) 
is endowed with a Hilbert manifold structure modeled on the separable Hilbert space 
H^{[0, 1],R"). For 7 e np^g{M), the pull-back bundle -/*{TM) is endowed with a 
Riemannian structure on the fibers induced by the Riemannian structure gR. The tangent 
space T-yfip ,j(M) is identified with the Hilbertable space of all sections V of 7* {TM) hav- 
ing Sobolev class H^, and satisfying V{0) ~ V{\) — 0. For the purposes of this paper, 
the choice of a specific Hilbert-Riemann structure on the infinite dimensional manifold 
Vtp_q{M) will not be relevant; however, it will be useful to have at disposal the following 
inner product on the tangent spaces T^Vlp,q{M): 

(4.2) (y, W)= j ffRCD^T/, D^W^) di. 

Here, ^r is an arbitrarily fixed complete Riemannian metric on M and D^ denotes covari- 
ant differentiation of vector fields along 7 with respect to the Levi-Civita connection of 

4.2. Genericity of metrics without degenerate geodesies. We will henceforth consider 
a fixed C'^-Whitney type Banach space £ of tensor fields over M and a (non empty) open 
subset Aof £ with A (Z £r\ Mctj^ {M). A complete Riemannian metric t/R is also assumed 
to be fixed, in order to use the Hilbert manifold structure (14.2b in f2p g(Af ). Consider the 
geodesic action functional: 

F -.Ax flp^giM) — >R 

defined by: 



Fig,i) = ^ / gii,i)dt. 
Jo 

This is a map of class C'^. More precisely, F is smooth (i.e., C°°) in the variable g ^ A, 

while in the variable 7 it is of class C'^, the same regularity required for the metrics. This 

is easily proved, observing that taking j derivatives of F with respect to the variable 7 

involve^ the first j derivatives of the metric g. 



"^In order to see that the set Met * ^ (Af ; gn.) is open in T^y^-i {TM* iX) TM* ; g-^), one uses the fact that the 
function A h^ A, (A) = min { | A| : A is an eigenvalue of A} is Lipschitz continuous on the set of symmetric 
operators A on R". This is proved easily using the equality A*{A) = inin||2.||_i ||Ai'||, from which one 
deduces that I A* (A) — A, (_B) I < || A — _B|| for all symmetric operators A and B. 

For instance, the first derivative 4— (70i9o) in the direction V G T-i!^p^q{M) is given by the integral 

/n 90 (70 ) D^o V) dt, where D^° is the covariant derivative of vector fields along 7 relatively to the Levi-Civita 
connection V^o of go- This requires the Christoffel tensors of g, which are computed in terms of the first 
derivatives of the metric coefficients. The second derivative ^ a (70 ; 90 ) involves the curvature tensor of V^o 



(see formula (43)), i.e., the second derivative of g. Higher order derivatives of F with respect to 7 are computed 
in terms of higher order covariant derivatives of the curvature tensor of V®° . 
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Given go & A and 70 G Qp.qiM), then |^(go,7o) = if and only if 70 is a 50- 
geodesiqjin 7\/ joining p and q. Given one such pair (go, 70), the second derivative ^-4- at 
(50,70) is: 

(4.3) ^(go,jo){V,W) ^ J go{-D3oV,-D3ow) + go{R'''iJo,V)jo,W) dt, 

where D^" denotes the covariant derivative along 70 induced by the Levi-Civita connection 
V^° of 50, and R^° is the curvature tensor of V^". This is the classical index form of 70 
relatively to the metric go. 

Lemma 4.1. 4-5" (50,70) i^ ^ Fredholm symmetric bilinear form on T^^Vtp^q{M), i.e., it 
is represented by a self-adjoint Fredholm operator on T^gQp,q{AI) relatively to the inner 
product (I4.2I I. 

Proof. For all t G [0, 1], let At : T^(^t)M -^ T^(i-^M be the gR-symmetric automor- 
phism such that go = gK{Af, ■) on T^(^t)M. The map $ : T^^flp^q{M) 3 V ^ V e 
T-yo^p,q{M) defined by V{t) — AtV{t) is an isomorphism; we will show that ^-^(50, 7o) 
is represented relatively to the to the inner product ( I4.2l i by an operator which is a compact 
perturbation of $. Namely, the difference E{V, W) ^ ^igo,lo)iV, W) - {^V, W) is 
easily computed as: 

E{V, W)= [ \- gniA'V, B^W) + gR{AT^V, T>^W) + gn{AT>^V, T^W) 
Jo L 

+ 5R(^r«1/, r^W) + gniARV, W)] dt, 

where T^ = D^" — D^ is the Christoffel tensor of V^" relatively to V^ . Each term in 
the right hand side of the above equality is bilinear in {V, W), and does not contain any 
derivative of at least one of its two arguments, i.e., it is continuous relatively to the C'^- 
topology in one of its arguments. From the compactness of the inclusion H^ ^~> C°, it 
follows easily that E is represented by a compact operator on T-y^fip ,j(M). D 

The kernel of the index form ^-^(50, 7o) is the space of all Jacobi fields J along 70 
such that J(0) — J(l) = 0. The second mixed derivative -§-§- is computed as follows; 
let ]—£,£[ 3 s i-^ gs G ^ be a smooth variation of go, with g^l _„5s = h E £. As we 
have seen in Subsection l2.2l in order to perform this computation we will fix an arbitrary 
symmetric connection V on M; we will make a specific choice of such connection when 
needed (see proof of Proposition 14.3b . Using the Christoffel tensor F^^ of the metric gs 
relatively to V (see (12.11) ). we compute: 



(4.4) 



{go,lo){h,V) ^ ^ f 5s(7o,D5-^y)dt 

as s=Q Jq 

gs{jo,'DV)+gs{j,TS'iJ,V))dt 



dgdj 

_d_ 
~ d^ 



/ M7o,DT/)dt + i-^ 
Jo '^^ 



s=0^ „ 

/ Vgs(V", 70, 70) + V5s(7o, 70, V) - Vgsijo, V, 70) dt 

= f /i(7o,DF) + iV/i(y,7o,7o)dt. 
Jo 

We will need to study the self intersections of geodesies, and the following elementary 

result will be useful: 



By geodesic, we will always mean an affinely parameterized geodesic. 
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Lemma 4.2. Let (M, g) be a semi-Riemannian manifold, and let 7 : [0, 1] -^ M be a 
geodesic. Then, the set: 

{(s,i)e[0,l]x[0,l]:s7^i, 7(s)=7(i)} 
is finite, unless 7 is a closed geodesic with period T < 1. 

Proof. Assume the existence of sequences s„ and t„ in [0, 1], with .s„ 7^ i„, 7(s„) = 7(in) 
and Si ^ Sj for all i ^ j (otherwise the pairs (s„, t„) would be a finite number). Because 
of the local injectivity of 7 we can assume that ti ^ tj for all i ^ j, and up to taking 
subsequences, that lims„ — s and limt„ = t, with s,t G [0, 1]; we can also assume 
that Sn ^ s and t„ ^ t for all n. Clearly, 7(5) = 7(i)' since 7 is locally injective (it 
is an immersion), then it must he s ^ t, say t > s. Set fj,{r) = jir — t + s); this is a 
geodesic, defined for r in a neighborhood of t, and such that /i(i) = 7(t). Moreover, set 
i'j = Sn — s + t; this is a sequence converging to t, and with t'^ ^ i for all n. We have 
/^(^n) — 7(^n) for all n, and this impUes that the tangent vectors /i(t) = 7(5) and j{t) 
are linearly dependent. Since 7 is affinely parameterized, it must be 7(5) = j{t), which 
implies that 7 is periodic with period T = i — s < 1. It can't be T = 1, i.e., s = and 
t = I, because otherwise it would be j{tn) — 7(s„) = 7(s„ + 1) for all n, with t„ < 1 
and s„ + 1 > 1 converging to 1, contradicting the local injectivity of 7 around 1. D 

Proposition 4.3. Let M be a smooth manifold, let £ C T^y^{TM* ® TM*) be a C^- 
Whitney type Banach space of tensors over M, with k > 2, let v £ {0, . . . , dini(Af )} be 
fixed and let A G £ f) Met^(Af ) be an open subset of £. Given any pair of distinct po/nfs 
p,q £ M, the set of semi-Riemannian metrics g d A such that all g-geodesics joining p 
and q are nondegenerate, is generic in A 

Proof. We will prove the result as application of Corollarv l3.4l to the geodesic setup above. 
In view of the Fredholmness result of Lemma ITTl we only need to check that the transver- 
sality condition (13.1b is satisfied in this context. We need to prove that, given a semi- 
Riemannian metric go & A, & go-geodesic 70 joining p and q, and a non trivial go-J^cobi 
field V along 70, with Vq = Vi = 0, then there exists h <E £ for which the quantity in the 
last term of ( 14.4b does not vanish. We will find such an h to be a symmetric (0, 2)-tensor 
of class C'^ having compact support in M, and thus h £ £. Assume first that 70 is not a 
portion of a closed geodesic in M with minimal period T < 1. Then, by Lemma I431 70 
has at most a finite number of self- intersections. We can therefore find an open subinterval 
/ C [0, 1] with the following properties: 

(a) i G / and s <^ I impHes 70 (s) ^ 70 (i); 

(b) Vt is not parallel to 70 {t) for all i G /. 

As to property (b), observe that since F is a nontrivial Jacobi field which vanishes at the 
endpoints, then it is not everywhere multiple of 70, and by Lemma |23] the set of instants 
t at which Vt is parallel to 70 (i) is finite. Choose now an open subset U C M containing 
70 (/) and such that 

(4.5) 7o(i)GC/n7o([0,l]) ^=^ tel; 

for instance, take [/tobethecomplementof the compact set 70 ([0, 1]\/). We will now use 
the result of Lemma 12.41 applied to the case of symmetric (0, 2)-tensor fields, as follows. 
For i G /, we choose Ht identically zero, and Kt a symmetric bilinear form on T^^^t-^M 
(depending smoothly on t) such that iiTt (70 (t), 70 (i)) > with J^ iir((7o(i),7o(i)) di > 
0. By possibly reducing the size of the interval /, we can assume that the thesis of 
Lemma l24l applies, and we get a globally defined smooth symmetric (2,0)-tensor h on 
M, having compact support contained in [/, such that h^^(^t) ~ and Vy^/i = Kt for all 
i G /. For such h, by (14.5b we have: 

[/i(7o,DF) + iV/i(y,7o,7o)] dt = \j Kt{^o{t).io{t)) dt > 0, 
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which concludes the proof when 70 is not periodic of period T < 1. 

Assume now that 70 is periodic, of period T < 1. Consider the following numbers: 

f* = m\n{t > : 7o(t) = q} , A:* = maxjfc G Z : /cT < l}, 

for which the following hold|J 

fc* > 1, 0<U<T, l^KT + U. 

The geodesies 71 = 7o|[o,t,] ^^'^ 72 = 7o I [t,,T] join P ^nd q (72 with the opposite orien- 
tation), and the first part of the proof applies to both 71 and 72. Thus, we can find open 
intervals /i — [ai, 61] C [0, i*] and I2 = [02, ^2] C [t*, T] such that: 

(al) t e h, s e {[0,U]\h) U [U,T] implies 7o(s) ^ 7o(i); 
(a2) tel2,se{[U,T]\ I2) U [0, U] implies 70(5) 7^ 7o(i). 
We can also find open subsets f/i, C/2 C M, with 7(/j) C t/^, i = 1, 2, satisfying: 

7o(i) e C/i n7o(/i) ^=^ 3r e {0,...,fc4 such that t-rT e /i, 
7o(i) G C^2n7o(/2) 4=^ 3r G {0,...,fc, -1} such that i-rre/2. 

For j = 1,2, consider the orthogonal Jacobi field W^ along 7^ defined by: 

fc, fc,-i 

(4.7) W/ = ^ Vt+rT, Wi = ^ 14+,T. 

r=0 r=0 

It is not the case that both W^ and W^ are everywhere parallel to 70 on /i and I2 respec- 
tively, for otherwise from (I4.7l i one would conclude easily that V would be everywhere 
parallel to 70 (Lemma [2.5b . Assume that, say, W^ is not everywhere parallel to 70 on /i, 
i.e., by Lemma |231 there are only isolated values of t where W^ is parallel to 70 (i); the 
other case is totally analogous. By reducing the size of /i, we can assume that W^ is never 
a multiple of 7o(i) on /i. Now, the first part of the proof can be repeated, by replacing the 
Jacobi field V with W^. We can find a globally defined symmetric (0, 2)-tensor h on M, 
with compact support contained in Ui, with prescribed value H and covariant derivative 
K in the direction W-^ along 70 |/i . Choose H and K as above, and compute: 

„1 fc. pbi+rT 

/ h{jo,'DV) + ^Vh{V,jo,io)dt = ^y2 Vh{V,^o,^o)dt 

= i f\h{W\joAo)dt = ^ f Kt{jo{t),jo{t))dt>0. 

Jai Jl 

This concludes the proof. D 

4.3. Perturbations of a metric in its conformal class. It is a natural question to ask 
whether the genericity result of Proposition 14. 3 1 remains true if one consider more restric- 
tive classes of variations of a given metric. Particularly interesting examples are pertur- 
bations inside a given conformal class of semi-Riemannian metrics. However, one cannot 
expect that the genericity result holds in this case, as the following example shows. 

2. Example. Let (Af, go) be a semi-Riemannian manifold, and let 7 : [0, 1] -^ Af be a 
lightlike geodesic in M with p — 7(0) and q = 7(1) conjugate along 7. Then, given 
any semi-Riemannian metric g on M which is conformal to go, there exists a suitable 



Here the assumption that p ^ g is being used. Note that if p = q, then t» = T, and the argument below 
fails. 
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reparameterization 7 of 7 which is a hghtlike g-geodesic, and such that p and q are conju- 
gatqj along 7 (see for instance 1231 Theorem 2.36]). Thus, conformal perturbations do not 
destroy degeneracy of Hghtlike geodesies. 

We will show that, apart from the lightlike case, generic conformal perturbations are 
sufficient to destroy degeneracy. In view of Example|2l this is the best possible result. 

Given a semi-Riemannian metric tensor g on M of class C^, k > 2, let us denote by 
C'^(^) the set of all semi-Riemannian metrics on M that are globally conformal to g, i.e., 
the set of metrics of the form g = ip ■ g for some function ?/; : Af — > R+ of class C^ . 
As above, when M is not compact, there is no natural topological structure on C*^ {g) that 
makes it homeomorphic to an open subset of a Banach space. Let us denote by C^{M) 
the vector space of all real valued C*^ -functions on M . In analogy with the notion of C^- 
Whitney type Banach spaces of tensor fields, let us call a C^ -Whitney type Banach space 
of functions on M a vector subspace JT of C^{M) endowed with a Banach space norm 
II • ||;r satisfying: 

(a) JT contains all the functions in C*^ (M) having compact support; 

(b) II ■ II jr-convergence implies C*^ -convergence on compact subsets of M. 

For instance, given a complete Riemannian metric g-n on M, a C*^ -Whitney type Banach 
space of functions on M can be obtained by setting JT = £'^(M; ^r), which consists of all 
functions in C*' [M) that have gn -bounded derivatives up to order k. 

Given a C'^-Whitney type Banach space T of functions on M and a semi-Riemannian 
metric tensor g on A/, let us denote by C*^ (g; T) the set: 

€.\g-T)^{i^-g:^eT]. 

and by £'jL (g; T) the T-conformal class of g, defined by: 

The map ip 1-^ tp ■ g gives an identification of the set C'^ {g, J-) with the Banach space JT 
(and of £+(g, J-) with the subset T+ of everywhere positive functions of JT); £''(5, JT) 
will be thought as a metric space with the induced norm. 

Proposition 4.4. Let M be a smooth manifold, g a semi-Riemannian metric tensor on 
M of class C^, k > 2, and let p,q G M be fixed distinct points. Let T C C^ ( Af ) be 
a C^ -Whitney type Banach space of functions on M, and let Abe a (non empty) open 
subset of ^ {g\ J-) contained in t\{g\ J-). Then, the set of metrics g ^ A such that every 
nonlightlike g-geodesic in M joining p and q is nondegenerate is generic in A. 

Proof. Let go £ -4 and 70 be a non lightlike, i.e., go(70i 7o) 7^ 0, go-geodesic in A/ joining 
p and g; let F be a nontrivial 50-Jacobi field along 70 that vanishes at both endpoints. 
We will find a variation h of the form ijj ■ go, with ^ : Af ^ R a smooth nonnegative 
function with small compact support, and for which the last term in (14.4b does not vanish. 
For such a variation h, the last term of (14.4b is easily computed by choosing V to be the 
Levi-Civita connection of go- Namely, in this case 50(70, DV") vanishes identically; this 
is because the function 30(70, V) is affine, and since it vanishes at and at 1, it must be 
identically zero, as well as its derivative go(7o,DF). Thus, for such a variation h, the 
quantity ^1(70, DV^) vanishes identically. Moreover, since Vgo ~ 0, then V/i(V, 70, 70) = 



In the Lorentzian case, conjugate points along lightlike geodesies are preserved even by maps more gen- 
eral than conformal diffeomorphisms. It is not hard to prove (for instance, via bifurcation theory using 1191 
Corollary 11]) the following: 

Lemma. Let {Mi,gi), i = 1,2, be Lorentzian manifolds, and let ^ : Mi — > M2 be a continuous injective 
map that carries timelike curx'es to timelike curves and ligtitlike pre-geodesic to lightlike pre-geodesics. Then, VP 
carries pairs of conjugate points along lightlike geodesies into pairs of conjugate points along Hghtlike geodesies. 

Note that if \P as in the statement of the Lemma is a diffeomorphism, then necessaiily SP is conformal, by a 
well known result of Dajczer and Nomizu, see tl31 . 
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^(■0) ■ 50(707 7o)- Since we are assuming that the constant (7o(70i7o) is not null, we 
have now reduced the problem to determining a smooth nonnegative function ip with the 
property that L y(7/'(7o(i))) dt 7^ 0; we want such a function ■0 with compact support 
in M. For the construction of such i/j, the procedure is analogous to that in the proof of 
Proposition l4.3l using Lemma lZ4l Assume first that 70 is not a portion of a closed geodesic 
in M with minimal period T < 1. Then, by Lemma l4!2l 70 has at most a finite number of 
self-intersections, and we can find an open subinterval / C [0, 1] satisfying properties (a) 
and (b) in the proof of Proposition |43] and an open subset U C M containing 7o(/) and 
such that (14.5b holds. Now, choose a smooth function a : I ^ R having compact support 
and such that Jj a{t) dt > 0. By Lemma \2A\ (applied to the case of the trivial vector 
bundle £ over M whose fiber is one dimensional), we can find a smooth map ip : M ^ R 
having compact support contained in U, such that ■0(7o(i)) = 1 and Vt (fA) = ct{t) for all 
i e /. With this choice, we have: 

(4.8) / 14 (V) dt '"i^ / VtiiP) dt^ f a(t) dt > 0. 

Jo Ji Ji 

This concludes the proof in the case that 70 is not a portion of a closed geodesic. When 
7o is periodic with period T < 1, the construction is totally analogous to the proof of 
Proposition l4.3l One defines Jacobi fields W^ and W"^ as in (14.7b . open intervals li C [0, 1] 
and open subsets Ui C M satisfying (14.6b : by the same arguments, one obtains that at least 
one of two Jacobi fields, say W^, is never parallel to 7o(i) on li. Define ?/; : A/ — > K, 
as above replacing the Jacobi field V with W^ and the interval / with li using a smooth 
function a : /^ ^ R with compact support and satisfying /^ a{t) dt > 0. As above, set 
h = ip ■ go', now, (14.8b is replaced by: 

ft 1 Ai^i,— z-f-i p r r 

Vt{^l^)dt= V / Vt+rT{^)At^ / Wl{^)dt^ / a{t)dt>Q. D 

r=0 Jli "'-f. J^ 

4.4. Orthogonally split metrics. Let us now take a product manifold M = Mi x M2, 
with dim(Af,;) = n^, i = 1, 2, and consider the subset Mei'l^^^^{Mi, M2) of Met^^(M) 
consisting of all symmetric (0, 2)-tensors g of class C^ on M such that: 

(a) g(j,,y)((wi,0),(0,W2)) =0; 

(b) g{x,v) is positive definite on T^Mi x {0}; 

(c) g{x.y) is negative definite! on {0} x TyM2, 

for all {x,y) G M1XM2, allt;i e T^Mi and all W2 G TyAh- Elements of Met ^piit(Mi,M2) 
will be called orthogonally split semi-Riemannian metric tensors on Mi x M2- More 
generally, a (0, 2)-tensor field b on M will be called orthogonally spUt if it satisfies 

b(,,^)((z;i,0),(0,i;2))=0 

for all {x, y) eMiX M2, all vi G T^Mi and all V2 G TyM2. 

Let £ C T^y^(TM* TM*) be a C'' -Whitney type Banach space of tensors on M; 
we will denote by Metgpiij(Afi, M2; £) the intersection Met^piij(Mi, Af2) n £. Note that 
the set f split consisting of all orthogonally split tensor fields in £ is a (non trivial) closed 
subspace of £. Non triviality follows from the fact that i'sput contains all the orthogonally 
split tensor fields on M having compact support. 

Proposition 4.5. Let Mi and M2 be smooth manifolds, let £ be a C'' -Whitney type Banach 
space of tensors on the product M = Mi x M2, and let A be an open subset of £spm with 
A C Metsp]j(.(Afi, M2; f ). Given any two distinct points p^q G M, then the set of all 
g G A such that all g-geodesics in M joining p and q are nondegenerate is generic in A 



In fact, rather than (b) and (c), we will use the weaker assumptions that g is nondegenerate on TA/i X {0} 
and on {0} X TM2. 
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Proof. Let g^) £ Aht fixed and consider a go-geodesic 70 = (xi , X2) joining p and q, and 
a nontrivial go-J^cobi field V = {Vi, V2) along 70 which vanishes at the endpoints. The 
proof goes along the same lines as the proof of Proposition l4.3l with the difference that here 
the variation h has to be found in the Banach space £^spiit- Again, we will determine the 
variation h to be an orthogonally split symmetric (0, 2)-tensor field having compact support 
in M. One has to repeat the proof of Proposition 14.31 which involves the construction of 
a family of bilinear forms Kt on T^^^ffM = T^-^^ffMi © Tr^2(t)^2 with the property 
that Jj A't(7o(t),7o(t)) dt > on some given interval /. Recall that in the proof of 
Proposition 14.31 we are choosing the family Ht to vanish identically. In the case under 
consideration, the desired Kt can be chosen such that Kt[{vi, 0), (0, U2)) = for every 
''^i G T^^(t)Mi, V2 e Tr^2{t)^2 and every t E I. Namely, it suffices to choose families of 
symmetric bilinear forms Kl on T,j;.(^t)Mi, i — 1,2, satisfying 

(4.9) ^ /if,^(i,(i),i,(t))d<>0 



/ 



and set Kt[{vi,V2), (wi, W2)) — K}{vi,wi) + Kt{v2,W2) for all t. The existence of 
families Kl that satisfy ( I4.9l l is easily proven, keeping in mind that ii(t) and X2{t) are not 
both zero anywhere. Now, Lemma 1241 is applied to the vector bundle E over M whose 
sections are the symmetric (0, 2)-tensors h on M satisfying h(^xi.x2) ((^i; 0), (0, V2)) = 
for all Xi e Mi and all Vi G T^^Mi. In order to make the result of Lemma 12.41 compatible 
with formula ( 14.41 ). one more detail needs to be clarified. Namely, one needs to consider 
a connection V in E which is inherited from a connection V in TM; more precisely, 
V has to be given as the restriction to the subbundle E of the induced connection V on 
TM* ® TM*. It will not be the case in general that connections on TM* ® TM* restrict 
to E, i.e., that covariant derivatives of sections of E remain in E. In order to make the 
connection V restrictable to E, the corresponding connection V on TM has to be chosen 
of the form: 

V = 7ri*(Vi)©7r*(V2), 

where V* is a connection on TMi, and tt; : Mi x M2 -~^ Mi is the projection, i = 1,2. 
This concludes the argument. D 

4.5. Globally hyperbolic Lorentzian metrics. Let us now study the nondegeneracy prob- 
lem for geodesies in globally hyperbolic Lorentzian manifolds. A time oriented Lorentzian 
metric g on a connected manifold AI is said to be globally hyperbolic if (A/, g) admits a 
Cauchy surface S, i.e., S is a spacelike hypersurface of M which is met exactly once by 
every non extendible causal curve. There are several equivalent notions of global hyper- 
bolicity that will not be discussed here (see |l7][l0l|23 for details). Let us recall that by a 
classical result by Geroch 1 15 1, whose statement has been recently strengthened by Bernal 
and Sanchez in ||8l|9l, a globally hyperbolic Lorentzian manifold (M, g) is isometric to a 
product S X R, where S is any Cauchy surface of {M, g), endowed with an orthogonally 
split metric tensor which is positive definite on the factor S and negative definite on the 
one-dimensional factor R. We will then consider a manifold M of the form E x R, where 
E is a smooth manifold endowed with a complete Riemannian metric g^; we will denote 
by tte : E X R ^ S the projection onto the first factor. We will study the set of metrics 
g^^P on M, where: 

• a is a fixed smooth section of the pull-back bundle 7r|, (TS* (g) TE) such that 
(7°(a(a; s)-, ■) is positive definite on T^^ for all a; G E and all s G R; 

• /3 : E X R ^ R+ is a smooth positive function, 

and the metric tensor g""-^ is defined by: 

(4.10) g'^f^^.^[{v,r),{w,f)) = g°(a(^_^)W, w) - I3(x,s)rf, 
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for all a; G S, s G R, w, w G Txl^, r,f E TfR. = K,. A genericity result totally analogous 
to Proposition 14.51 holds for the family of metrics g"'^, that can be described simply as 
metric of splitting type on a product manifold AIi x M2 with AI2 one-dimensional. We 
will be interested in studying the genericity of nondegeneracy property in the subfamily of 
the g^'f^ consisting of globally hyperbolic metrics. 
Given a as above, set: 

\x,s)ia) = \\a^^],)\\^\ 

where || • || denotes the operator norm on End{TxT,) induced by the positive definite inner 
product g^. Equivalently, A(3; s)(q;) can be defined as the minimum eigenvalue of the 
positive operator a(a;_s) on T^T,. Sufficient conditions for the global hyperbolicity of the 
Lorentzian metric g"'^ have been studied in the literature, see [1251 : we will be interested 
in the following: 

Proposition 4.6. Let xq be any fixed point in S, and denote by d{) : Y, ^t [0, +00 [ be 
the distance from xq function induced by the Riemannian metric g^. Assume that for all 
integer n > the following holds: 



/ P(x.s) 
sup A , . < +00. 

|s|<n * 

Then, for all sq G R, S x {so} is a Cauchy surface of g"'^. In particular, ifY, is compact 
then g^'f^ is always globally hyperbolic. 

Proof See ESI Proposition 3.2]. D 

Motivated by the result above, let us consider the Banach space Q whose points are pairs 
(a,/3), where: 

• a is a section of class C^ of the vector bundle tt^ (TE* ® TS) such that a(^x.s) is 
a go-symmetric operator on TxT, for all {x, s); 

• /3:SxR^lRis a map of class C^; 

• a satisfies the following boundedness assumptions: 

o Co(a) = sup ||a(^,s)(l + do(x^))|| < +00. Here, || • j| is the operator 

(x,s)eSxE 

norm on T^jE induced by the Riemannian metric go- 
o Ci(a) = sup ||Va(2, s)|I < +00. Here, V is the connection on the 

(2:,s)eExB. 

vector bundle r*(S x R) ® 7r|,(Ti;* ® TE) induced by the Levi-Civita 
connection of go and the standard connection on the factor R. 
o C2{ct) — sup ||V^a(^^)|| < +00. Here, the second covariant deriva- 

(i:,s)6SxR 

tive of a is taken relatively to the connection on the vector bundle T*(E x 
R) T*(E x R) 7r£(TE* ® TS) induced by the Levi-Civita connection 
of go and the standard connection on the factor R. 

• f] satisfies the following boundedness assumptions: 

o Do{f3) = sup \(3{x.s)\ < +00. 

(2;,s)eSxR 

o Di{(3) = sup ||d/3(a;,s)|| < +00. 

(2:,s)eExK. 

o D2{(3) — sup ||Vd/3(2;^s)|| < +00. Here, V denotes the covariant 

(a;,s)eSx]R 

derivative of the connection in r*(E x R) induced by the Levi-Civita con- 
nection of go and the standard connection on the factor R. 

A Banach space norm on Q is given by: 

||(a,/?)|| =max{Co(a), Ci(a), C2{a), Do{P), D,{l3), Z?2(/3)}. 
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Proposition 4.7. Let e and b be fixed positive real numbers. The subset Ae b (^ G given 
by: 

Ae b — \ {ct,l3) & G '■ goictix s)': ■) is positive definite, inf P(^ s) > 

sup P(x,s)<b,and inf A(a;,s)(a)((l + do(x)^) > e i 

(x,s)GSxIR (a:,s)GSxIR. J 

is open in G- For all {a, (3) G Ac,b, the tensor g"'^ defined in (14.101) is a globally hyper- 
bolic Lorentzian metric onY, ^'K. 

Proof. As to the openness of A^.b, the only non trivial question is establishing that the 
assumption 

• 5o("(2;.s)'j •) is positive definite 

• inf A(:r.s)(a)((l + do(a:)2) > e 

(a;,s)GSxR 

is open in the topology of G- This follows immediately from the choice of the semi-norm 
Co (a) above, and the fact that the "least eigenvalue function" T i-^ Amiii(T) G 11+ is 
Lipschitz with Lipschitzian constant 1 in the set of positive symmetric operators T on a 
vector space with inner product, that is, |Ainin(2^) — Aniin(2^)| < ||T — T|| (see also footnote 

(4)). 

For (a, /3) € Ae,b, the following inequality holds: 



^4-11) sup./- — , f/;",^ , . „. < \- < +«), 

and the global hyperbolicity of g"'^ is deduced from Proposition l4.6l D 

Proposition 4.8. Let p and q be distinct points in E x R. For all s,b > 0, the set of pairs 
(a, /3) G Acb such that p and q are not conjugate along any g"'^ -geodesic /n S x IR is 
generic in Ae^b- The open set: 

A—{{a,(i) G 5 : go{oi{x s)'j ') is positive definite, inf (ir^. ^^ > 

L (a:,s)eSxR 



P(x,s) < +00, and inf A(^_5)(a)((l + do(a;)^) > \ 

(x.s)^HxK } 



sup 

(a:,s)eExK. ' ' ' (x,s)GSx 

contains a dense Gs consisting of pairs {a, [3) such that p and q are nonconjugate along 
any g"''^ -geodesic. 



Proof. The first statement follows from Proposition 14.51 observing that the vector space 
£ = {g"'^ : {a, (i) G 5} inherits from G a Banach space norm that makes it into a C^- 
Whitney type Banach space of orthogonally split tensors over E x R. Note that G contains 
all pairs (a, (3) of class C^ having compact support, and its topology is finer than the weak 
Whitney C^ -topology. As to the second statement, it is enough to observe that A can be 
described as the countable union 1J„>]^ Ax „ of open sets each of which contains a dense 
Gs with the desired property. D 

4.6. Stationary Lorentzian metrics. Let us now consider the case of Lorentzian metrics 
admitting a timelike Killing vector field; we will exhibit an example showing that the 
transversality condition discussed in Subsection l4.2l does not hold in general in this class. 
Let (M, g) be a Lorentzian manifold, and assume the existence of a Killing vector field 
Y on M. It is a simple observation that an integral line 7 of F is a geodesic in (M, g) 
if and only if at some point 7(^0) of 7 the function g{Y, Y) has a critical point. Namely, 
since g{Y, Y) is invariant by the flow of Y, the existence of one critical point of g{Y, Y) 
along 7 is equivalent to the fact that every point of 7 is critical for g{Y, Y). Now, 7 is 
a geodesic if and only if VyF = along 7, i.e., if g{yY('i{t))Y, v) = —giy^Y, Y) = 
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— ^v[g{Y, Y)) = for all t and all v G T^(t)A/, i.e., if and only if j{t) is a critical point 
of g{Y, Y) for all t. The geodesies in (M , g) that are integral lines of Y will be called 
vertical. 

Let us show that, given a Lorentzian manifold (Af , g) admitting a timelike Killing vector 
field Y, the transversality condition may fail to hold along vertical geodesies in the class 
of all Lorentzian metrics on M that have the prescribed field Y as timelike Killing vector 
field. A stationary Lorentzian manifold {M, g) is said to be standard if M is given by a 
product Mq X R, where AIq is a differentiable manifold, and the metric tensor g is of the 
form: 

(4.12) g{x^s){iv,r),{v,f)) ^ Qx{v,v) + gx(S{x),v)f + Qx(S{x),v)r - P{x)rf, 

where x G Mo, s G R, w, w G TxMq, r,f G T^IR = R, g is a Riemannian metric tensor on 
Mq, 6 G X(Afo) is a smooth vector field on Mq, and /3 : Afo ^^ IR-^ is a smooth positive 
function on Mq. The field Y — dg tangent to the lines {xq} x R, xq G A/q, is a timelike 
Killing vector field in {M, g); an immediate computation shows that g(^x,s) {Y, Y) = —(3{x) 
for all {x,s) G Afo x R. Locally, every stationary Lorentzian metric tensor has the form 
(14.121 1. When the vector field S in (I4.12l i vanishes identically on Mq, then the metric g is 
said to be standard static. 

Let V be the Levi-Civita connection of the metric g in TA/p; given a smooth map 
/o : Mq -^ R, denote by V/o its gradient relatively to the metric g and by H-^" (a:) : 
TxMq -^ TxMq, X G Mq, the Hessian of /o relatively to g at the point x, which is the 
ga;-symmetric linear operator on T^Mq given by H^'^o {x)v = V^ (V/o), for all v G T^-Mq. 
If X is a critical point of /o, then gx{ii'^°{x)v,w) — d^/o(a;)(w, w) is the standard second 
derivative of /o at x. A curve 7(i) = {x{t) , s(i)) in M is a geodesic relatively to the metric 
(14.12b if and only if its components x and s satisfy the system of differential equations: 

D i + D ( • ^) _ ■ (V5)*(i) + iV/3(a;) s^ = 0, -^ [g.(<5(x), x) - /3(x) s] = 0, 



dt 



dt 



where ^ denotes covariant differentiation along x relatively to the connection V, and 

(V5)* is the (1, l)-tensor on M defined by g((V(5)*(ti), w) = g(V^(5, w) for all v,w € 
TM. As observed above, if xq is a critical point of /3, i.e., V/3(xo) — 0, then the curve 
7(t) = (xo, i), i G [0, 1], is a geodesic in (Af , g). 

Let us consider for simplicity the static case, i.e., 6 = 0. The second variation of the 
g-geodesic action functional at a given geodesic ^{t) — [x{t), s(i)), t G [0, 1], is given 
by: 



a' ss{Vl3{x),^ - ^s' giR^ix)^,^ - (3{xya' 



dt, 

where ^, f are variational vector fields along x vanishing at the endpoints, and a, a are 
smooth functions on [0, 1] vanishing at and at 1. In the above formula and in the rest of 
the section we will denote by a dot the derivatives of the components x and s of the curve 
7, and with a prime the derivatives of the component a of the vector field y — (^, ct) along 
7. A pair (^, a) is a Jacobi field along the geodesic 7 = (x, s) if it satisfies the second 
order linear system of differential equations: 

(4.13) ^ C - R{i, i + ct' s V/3(x) + is^ H'^Cx)^ = 0, 
and 

(4.14) ^[0(sg(V/?(x),C)+/3(x)a'] =0. 

In order to construct the required example, let us consider a geodesic of the form 7(i) = 
(xo,t), t G [0, 1], where xo G Mq is a critical point of (3. Equations (14.131 1 and (14.141 1 
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become: 

^e + iH^(a^o)e-0, and a" - 0. 
Thus, if y = (^, a) is a Jacobi field along 7 that vanishes at and at 1, then a = 0, while 
^ is a smooth curve in T^^Mq satisfying the first of the two equations above. Note that 
the covariant derivative ^^ in this case equals the standard derivative £_'. Assume that this 

equation has a non trivial solution ^ satisfying ^(0) = ^(1) == and /„ ^(i) dt = 0. For 
instance, one can take Mq = R, xq = and f3{x) = 1 + 4tt^x^; then, ^(3"{0) = Stt^, and 
the differential equation ^" + in'^^ — has the solution ^(t) = sin(27ri) with the required 
properties. Similar examples can be given easily in higher dimensions. 

An infinitesimal variation h of g in the class of stationary metrics on M of the type 
(14.121 1 has the form: 

(4.15) h(^^s){{v,r),{v,f)) = ^x{v,v) ^ Qx{p{x),v)f + Q^{p{x),v)r + C{x)rf, 

where x £ Afo, s G R, w, -D G T^Mq, r,f ^ T^R = R, f) is a symmetric (0, 2)-tensor on 
Mq, p G X(Afo) is a smooth vector field on Mq, and C, : Mq ^ R is a smooth function 
on Mq. We claim that for every such h, the quantity L [h{j, §f.V) + ^V/i(y, 7, 7)] dt 
vanishes. Namely, 

and thus 

1 

h{i, ^y) dt = 2{p{xQ),ai) - m) = 0. 



'0 

Moreover, 

vh{v, 7, 7) = V5f)(i, i) + 20o(v4P, x)s + aos^ - ao; 

hence: 

/ Vh{V,^,j)dt= f e(C)di= / fl(VC,Odi-0(vC(a;o), / ^Wdt) =0. 
Jo Jo Jo ^ Jo ' 

This proves our claim and gives the desired counterexample in the stationary case. 

5. GENERICITY IN THE C°° CATEGORY 

It is desirable to have a genericity result also in the space of C°° -metric tensors, en- 
dowed with the Whitney weak C°° topology (see for instance [18j). When the base mani- 
fold is non compact, the space of all symmetric tensors, endowed with the topology of C°° 
convergence on compact sets, is a only a Frechet space, so that our Banach space approach 
does not apply directly. However, as it was brought to the attention of the authors by the 
referee, there is an elegant argument due to Taubes that allows to extend to the C°° realm 
our results. The same idea was used in flT], which is where the authors learned about it; 
we will sketch here the argument adapted to our situation. 

Consider a differentiable manifold M, a complete Riemannian metric g-^ on M, two 
distinct points p, g G M, consider the sequence E'^ — T^y^-^{TM* TM*;g]x) of C''- 
Whitney type Banach space of tensor fields on M described in Example[Tl Subsection l4.1l 
Note that the set of tensors of class C°° having compact support is dense in each £'^. In 
particular, £°° = C\f.yf. £^ is dense in every £^. We will think of E°° as a Frechet space 
endowed with the family of seminorms || • \\k defined in ( 14.1b . In particular, £°° is a Baire 
space, i.e., the intersection of a countable family of dense open subsets is dense. 

Let /jo > 2 be fixed, and let A be an open subset of £^° consisting of nondegenerate 
tensors, i.e., semi-Riemannian metrics on M. For k > ko, set Ak — An£'^; this is an open 
subset of f*^. Define A^, to be the subset of A consisting of all metric tensors for which 
all geodesies connecting p and q are nondegenerate. By assumption Ak,* = .4* n Ak is a 
generic subset of ^^ for all k > ko. Finally, define ^00 = ^ n £°^ ~ C\k>k -^^ C £°°, 
which is a dense subset of Ak for all k, and set Aoo * = ^* n Aoo- Note that ^00 is an 
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open subset of £°°, and thus it is also a Baire space; convergence in Aoo implies C°°- 
convergence on compact subsets of M. We want to prove that ^oo,* is generic in Aoo- To 
this aim, denote by Lr the length functional of curves relative to the Riemannian metric 
(7r; for all M > define the following sets: 

Ak,*,M = 

{g G Ak '■ all ^-geodesic 7 connecting p and q, with Lf{(7) < M, are nondegerate}, 
and 

•^00,*, M = [ 1 ^k,*,M- 
k>ko 

Clearly, Aoo,* — 0*/=! ■^oo,*,m, thus, to prove our claim it suffices to show that Aoo,*,m 
is open and dense in ^00. The key observation is that for all k and M, Ak,*,M is open 
in Ak- This follows from the following argument. Assume that gn G Ak \ Ak.*.M is a 
sequence converging to some goo G Ak- Then, there exists a sequence 7„ : [0, 1] — > M 
of g„-geodesics connecting p and q, with Lr (7„) < M for all n, and such that there is a 
non trivial (7„-Jacobi field J„ along 7„ with J„(0) = Jn(l) = for all n. Each J„ can be 
normaUzed so that 



(5.1) 



D9" 



= 1 



for all n; here ^^ J„ is the covariant derivative of J„ along 7„ relatively to the Levi- 
Civita connection of gn- Using the completeness of gR, by the theorem of Arzela and 
Ascoli, we can assume that the sequence 7„ converges to a curve 700 connecting p and q; 
an immediate continuity argument shows that 700 is a ^oo-geodesic with Lr(7oc-) < M. 
By ( 15. lb . we can also assume that the sequence Vn = ^iT'^^^) ^ TpM is convergent to 
some Woo 7^ 0. By continuity, the goo-Jacobi field Joo along 700 satisfying Joo(O) = 
and ^^j- Joo(O) — foo also satisfies Joo(l) — 0, i.e., 700 is a degenerate goo-geodesic 
connecting p and q, and goo ^ Ak,*,M- This shows that Ak,*.M is open in Ak for every 
M > and fc g IN U {+00}. Moreover, since Ak,*,M contains Ak,*, then Ak,*,M is also 
dense in Ak for all Af . Finally, since Aoo is dense in Ak and -4^.,.^/ is open and dense in 
Ak, then Aoo H ^A;,,,Af = Aoc,*,M is dense in ^^ for all k, and thus Aoo,*,m is dense in 
yloo- This proves the genericity result in the C°° -category. Analogous results hold in all 
the cases discussed in SectionlH 

6. A FEW FINAL REMARKS AND OPEN PROBLEMS 

Let us conclude with a few observations. 

First, one should observe that the genericity result for globally hyperbolic Lorentzian 
manifolds stated in Subsection 14.51 is far from being conclusive, or exhaustive. Note for 
instance that Proposition 14.81 does not apply to sets containing metric tensors g°''^ with 
P an unbounded function on M. Several different statements of the genericity result are 
possible by the very same argument, simply by selecting the appropriate set of tensors and 
its Banach space structure that one wants to consider. It should also be mentioned that 
somewhat stronger genericity results may be obtained by relaxing the global hyperbolicity 
condition given in ( 14.111 1. in that the inequality may be required to hold in smaller regions 
of the spacetime. For instance, in |2| it is given a condition on the first derivative of the 
metric coefficients a and (3 implying that all the geodesies between the prescribed points 
p and q remain in a time-limited region of the spacetime. However, such stronger results 
would certainly have a more involved statement, filled with technicalities that are probably 
not appropriate for the purposes of the present paper. The interested reader will have no 
problem in adapting the arguments in the proof of Proposition l4.8l to other specific cases. 

As to the stationary Lorentzian case (Subsection l4.6b . the negative result given by the 
counterexample exhibited opens several interesting questions and conjectures that deserve 
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further attention. First, it is natural to conjecture that, apart from vertical geodesies, station- 
ary infinitesimal perturbations of the metric would suffice to destroy degeneracies. Should 
this be the case, than a genericity result may be obtained by considering points p and q that 
do not belong to the same integral line of the Killing vector field. A proof for the existence 
of appropriate infinitesimal perturbations would have to based on the following conjecture: 
given a non vertical geodesic 7 = {x, s) and a nontrivial Jacobi field J — (^, r) along 7 
vanishing at the endpoints, then at some instants t, the vector ^(i) is not parallel to x{t). A 
direct proof of this fact, based on the Jacobi differential equations ( 14.13b and ( 14.141 ). seems 
to be rather involved, so that a suitable version of Lemma 12.51 would have to be proven. 
Another interesting point would be to determine the genericity of the nondegeneracy prop- 
erty in the stationary Lorentzian case if one allows that also the Killing vector field Y may 
be perturbed. We conjecture that the genericity property in this case would hold under no 
restrictions on the endpoint. 

Finally, we would like to mention the case of closed geodesies, which is substantially 
more involved than the fixed endpoint case. Let us recall that the first statement of the 
Riemannian bumpy theorem is due to Abraham, see |4|, but to the authors' knowledge the 
first complete proof of it is due to Anosov, see [6]. A very interesting observation is that 
a similar result does not hold for a general conservative Hamiltonian system, where one 
can have degenerate periodic orbits that are not destroyed by small perturbations, as shown 
in II22II . Significative improvements of the bumpy metric theorem have been proven later 
by Klingenberg and Takens ||2TI . who have shown genericity of the set of metrics with the 
property that the Poincare map of every closed geodesic and all its derivatives up to a finite 
order belong to a prescribed open and dense subset of the space of jets of symplectic maps 
around a fixed point. 

As we have observed, the theory developed in this paper does not work in order to 
prove a genericity result for closed geodesies: iterates cannot be dealt with the perturbation 
arguments discussed. Although parts of Anosov's proof of the bumpy metric theorem in 
|f6l can be carried over to the semi-Riemannian case (namely, all the properties depending 
on the linearized Poincare map), the positive definite character of Anosov's argument in 
some parts of the proof cannot be extended directly to the semi-Riemannian case. For 
instance, it is used in f6l a certain lower bound on the length of closed geodesies for all 
Riemannian metrics in a neighborhood of a given one; such bound certainly does not exist 
outside the Riemannian realm. A natural conjecture, or more exactly a wishful thinking at 
this stage, is that bumpy metrics may be generic in sets of Lorentzian metrics satisfying 
restrictive causality and geometric assumptions. A natural guess would be starting with 
the stationary and globally hyperbolic case, where all closed geodesies are spacelike, and 
recent developments of the variational geodesic theory (refs. ifTTl [T2II ) indicate a certain 
Riemannian behavior of the geodesic flow. 
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